INTRODUCTION
The tasks of regulation (stabilization) and tracking are two typical control problems. In general, tracking problems are more difficult than regulation especially for nonlinear systems. In linear multivariable control theory, the tracking problem has been treated by several researchers, for instance, Davison [1], Davison and Patel [2] , and Wonham [3] . Despite the fact that much progress has been made in studying the tracking problem of nonlinear systems, it is difficult to apply the theory and techniques to practical engineering problems. How to utilize clear concepts and simple methods of linear multi variable control theory in solving this problem is still very interesting.
Recently, Takagi-Sugeno (T -S) type fuzzy controllers have been successfully applied to regulation and tracking control design of nonlinear systems [4] [5] [6] [7] [8] [9] [10] [11] [12] . The T-S fuzzy model has been proved to be a very good representation for a nonlinear dynamic system [4] . In T-S fuzzy model, local dynamics in different state space regions are represented by linear models. The overall model of the system is achieved by fuzzy blending of these linear models. The control design is carried out based on the fuzzy model via Parallel Distributed Compensation (PDC) scheme [6] . In the PDC design, each control rule is designed from the corresponding rule of a T-S fuzzy model. The designed fuzzy controller shares the same fuzzy sets with the fuzzy model in the premise parts [13] .
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Applications of such a fuzzy control scheme can be found in [5] , [12] [13] .
In this paper, a tracking control design based on the T-S fuzzy model is presented. First, T -S fuzzy model is used to represent a nonlinear system. This fuzzy model is a piecewise interpolation of several linear models through membership functions. Then, we use a stabilizing compensator based on observer to solve the tracking problem [14] . This type of stabilizing compensator is chosen because the states of nonlinear system are not all directly measurable. If the T-S fuzzy model can accurately approximate the original nonlinear system, the fuzzy controller and observer can be designed independently using the separation property [10] . For the proposed method, the stability analysis is derived for the designed system using Lyapunov theory. The LMI convex programming technique is used to solve this problem.
The paper is organized as follows. Section 2 addresses the synthesis of fuzzy tracking control system for nonlinear plant. The stability analysis of the closed-loop T-S fuzzy systems and the design of fuzzy observer are also discussed in this section. In Section 3, the application of the proposed method in pendulum-cart system is derived. Also, the simulation and experiment results are provided in Section 3. Finally, Section 4 concludes this paper.
II. Fuzzy TRACKING CONTROL

A. T-S fuzzy model and compensator model
A fuzzy dynamic model has been proposed by Takagi and Sugeno [4] to represent a nonlinear system. The T -S fuzzy model is described by fuzzy If Then rules and employed to deal with the control design problem for the nonlinear systems. The ith rule of the fuzzy model is of the following form [5] :
If Z l(t) is Fil and ... and zg(t) is Fig  Then x(t 
where x(t) E Rn denotes the state vector, u(t) E Rm denotes the control input, y(t) E R q denotes output of the system, Fij (j=1, 2, "', g) is the fuzzy set, r is the number of IF-THEN rules, zl (t) � Zg(t) are the premise variables, and Ai, Bi, and
Ci are state, input, and output matrix respectively.
Using singleton fuzzifier, max-product inference and center average defuzzifier, we can write the aggregated fuzzy model as [5, 6] :
where JIi satisfies
with zit» is the grade of membership of zit) in F ij. We assume r fl;( z(t» ;:: 0 and Lfli( z(t» > 0 for all t .
i =1
Therefore, we get [5] hi (z(t» ;:: 0, for i = 1, 2, ,,,, r r and Lhi( z(t» = 1.
Consider a servo-compensator model as follows [15] :
where x e(t) ERne are the compensator states, Y r (t) E Rq are the reference input signals, e(t) E R q are the tracking error in the system, and
A is the companion matrix of the characteristic polynomial of the (reference) signal, i.e. ,pes) = s f +a f _/-I +"'+a 1 s+aO'
The synthesis of the plant model (1) and the compensator model (3), the following augmented system:
Be is obtained. The final controlled system (2) is sequentially connected with the servo-compensator model (3); we obtain the following system
The fuzzy controller is designed via the PDC scheme, where each control rule is designed from corresponding rule of a T -S fuzzy model. These rules share the same fuzzy sets with the fuzzy model in the premise parts [13] . For the local model 
Then, the final output of the controller is
where the weight hi(z(t» is the same as the weight of ith rule of the fuzzy system (2). A sufficient condition that guarantees the stability of the fuzzy system is obtained in terms of Lyapunov's direct method. Using the following theorem, the stability conditions for the fuzzy system can be derived.
Theorem 1 [5] : The equilibrium of the continuous fuzzy control system is globally asymptotically stable if there exists a common positive definite matrix P such that
where Gij is defined as:
These inequalities can be efficiently solved numerically through a linear matrix inequality (LMI) framework.
C. Fuzzy Observer
The fuzzy tracking controller has the local linear state feedback laws in the consequent parts. In a real problem, not all states are measurable; hence it is necessary to design a fuzzy observer to estimate the states.
Suppose the following fuzzy linear observer is proposed to deal with the state estimation of local linear model (1).
Observer Rule i:
If Z l(t) is Fa and ... and zit) is F;g,
where L; E Rnxq is the observer gain, y(t) and Ht) are the final output of the fuzzy system and the fuzzy observer. Then, the final estimated state of the fuzzy observer is 
where the weight hi (z(t)) is the same as the weight of ith rule of the fuzzy system (2). Utilizing the final estimated states (5), and (7), we obtain the following fuzzy controller.
Controller Rule i:
Hence, the overall fuzzy controller is given by
Because the observer can be designed accurately to approximate the dynamic of nonlinear system, the estimated states represent the original states of the system. Hence, this tracking control system can be considered as a common state feedback problem.
III. APPLICATION IN PENDULUM-CART SYSTEM
In this section, we will apply the proposed approach to design a fuzzy tracking control system to control the pendulum-cart system. Our goal is making the output of the system to track a sinusoidal reference signal and to stabilize the pendulum in upright position.
The state equations of the pendulum-cart system are [16] 
where a = / 2 + (J I(m e + m p )), ,u = (me + m p )/ , XI denotes the cart position (m) or distance from the centre of the rail, X 2 denotes the angle (rad) of the pendulum from the vertical, X3 is the cart velocity (mls), and X4 is the pendulum angular velocity (rad/s). g is the gravity constant, mp is the mass (kg) of the pendulum, me is the mass (kg) of the cart, / is the distance from the axis of rotation to the centre of mass of the pendulum-cart system, J is the moment of inertia of the pendulum-cart system with respect to the centre of mass, F is the force (N) applied to the cart, Te is the friction force, and /p is the pendulum friction constant (kg·m 2 /s). The system parameters used for simulation and experiment are me= 1.12 kg, mp= 0.025 kg, J= 0.0135735 kgm 2 , g= 9.8 mls 2 , / = 0.0167903 m, and/p=0.000l O 7 kg·mls [16] .
The T-S fuzzy model for the system in (13) is given by the three-rule fuzzy model: These matrices are obtained from linearization of (13) 
where e(t) = Y r (I) -X I (I) .
Using the augmented system (4), and choose the closed loop eigenvalues of [-3.1 -2.5 -2.3 -2.1 -1.9 -1.6] by trial and error, we obtain the controller and the compensator gain matrices using pole placement method In order to check the stability of a fuzzy system with a fuzzy tracking control system, one must find a common positive definite matrices P such that the equation ( 8) To design the fuzzy observer, choosing the closed-loop eigenvalues [-27.5+27i -27.5-27i -18.9+1.9i -18.9+1.9i] for the observer system ( 9), we obtain the observer gain matrices In the simulation, to assess the effectiveness of the control law, we apply the designed control system to the original system ( 13) . The simulation program is realized by MATLAB/Simulink. Simulations results are depicted in Figures 1 -2 . These figures show the comparative results of using the robust servomechanism problem (RSP) method and using the fuzzy tracking control proposed in this paper under the identical initial conditions. The results indicate that the output (cart position) of the tracking control system can follow the reference signal YlI). The system can also stabilize the pendulum in the upright position.
The simulation results show that the fuzzy tracking controller has much better performance than the RSP controller. The time response of the cart required to follow the reference signal for the system with the fuzzy tracking controller is shorter than that of the RSP controller. The overshoot and settling time of the response of pendulum position converging back to the equilibrium for the system with the proposed controller are better than those of the RSP controller.
A real-time experiment on the pendulum-cart system from The Feedback Instrument Ltd. is conducted to verity the performance of the designed fuzzy tracking control system. The control system is performed using Matlab 6.5 version with Real-Time Workshop and Simulink Toolbox from The Math Works, Inc. Experiment results indicate the response of the system with the proposed fuzzy tracking controller has an excellent performance. Figure 3 shows the behavior of the system for initial conditions X2(0) is about 0.3 rad, and x](0)=x3(0)=x 4 (0)=0; the reference signal is Ylt)=O.l sin(0.21tt). This result shows that the performance of the fuzzy tracking control system does not have much difference comparing with the simulation result. It can be concluded that the responses of the designed control system met the designed criteria, i.e. the cart can follow the sinusoidal reference signal and the pendulum is stable in upright position.
IV. CONCLUSION
In this paper we have presented a systematic design method of fuzzy tracking control using observer-based compensator for nonlinear systems. The methodology is a synthesis of multivariable control and fuzzy control using Takagi-Sugeno fuzzy model. Based on the numerical simulations and the experiment, it can be concluded that the control performances of the proposed fuzzy tracking control system designed in this paper can meet the design objectives. Furthermore, the controller is able to give better performance than that of the original robust servomechanism problem (RSP) technique. Hence, the proposed fuzzy tracking control can improve the performance specifications of the multivariable tracking control. Real-time experiment response of the cart position (Xl), and the angle of the pendulum (xz).
